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Nonconservation of the Net Current of Dirac
Particles in Tolman—-Bondi and
Robertson-Walker Geometries

Antonio Zecca!
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A straightforward calculation shows that, in contrast to what happens for the
Dirac equation in the Kerr metric, the net current of particles is not conserved
in the case of the Dirac equation in the Tolman—Bondi and Robertson-Walker
space-times.

1. INTRODUCTION

It is well known that the formulation of the Dirac equation can be
extended to curved space-time by using the notions of covariant derivatives
and of Pauli generalized o-matrices. In particular this can be done by means
of the spinorial formalism that has been developed after the pioneering paper
by Newman and Penrose (1962), an account of which can be found in the
books by Penrose and Rindler (1986) and Chandrasekhar (1983). In the
following we adopt Chandrasekhar’s notations and mathematical conventions.
According to this formulation, the Dirac equation reads

ofa P + ips O =0
0% Q4 + ipy Py =0 (D

Poge ﬁ is the mass of the particle and P* and Q* are spinors representing
the wave function. If [, n, m, m* is the null tetrad frame of the Newman—
Penrose formalism in a given metric, the generalized o-matrices are defined by

1 P om®
TSy = — 2
AA \/5 (m*a n® ( )
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Associated to the Dirac equation there is the spinorial current
JAN = PAI__)A' + QA@A’ 3)

The connection between the components in the local coordinate basis and
the spinorial components of the current is expressed by

Jo = 205, JA 4)
The current conservation
%=0 &)

is a direct consequence of the Dirac equation (1) and the relations (4), (3).

In connection with the physical interpretation, it is worth noting that
the positivity of J° is ensured by the positivity of the matrix ¢34 This is
provided in general by construction from the tetrad frame and it holds true
in our cases of interest, namely for the Robertson—Walker and Tolman—Bondi
metrics. In the case of the Kerr metric this property can be checked to hold
directly from the representation of ¢4, given in Chandrasekhar (1983).

Of course, from the four-dimensional Gauss law, one can give an integral
form to the conservation law (5).

However, we are interested here in three-dimensional considerations.

By a standard result, equation (5) is equivalent to (see, €.g., Schutz, 1990)

(=gl = —aJ/—gJ" (6)

As a consequence we have the three-dimensional integral relation
6t(J’ dxl de dX3 v _th> = —‘§ dS2 N —thuh (7)
\'4

S is the surface surrounding the spatial region V.

In the case of one-particle theory, a Schrodinger-like statistical interpreta-
tion would then follow from (7) by choosing the solution of equation (1)
such that J* vanishes at infinity. If, however, the theory is such that particle
creation is possible, the physical solutions can no longer be chosen to make
the right-hand side of equation (7) vanish, so that a Schrodinger-like interpre-
tation is not possible.

This is the case for the Dirac equation in the Robertson—Walker metric
[see Parker (1971); for further developments see Birrell and Davies (1982)]
and in the Kerr metric (Starobinskii, 1973; Unruh, 1974; Wald, 1976).

Also in the Tolman-Bondi model there is in principle particle creation,
this effect being in general a property of the Dirac equation in time-dependent
gravitational fields (see, e.g., Birrell and Davies, 1982). This is also a conse-
quence of the fact that the Tolman-Bondi model contains solutions which
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describe collapsing universes leading to black hole formation (Demianski
and Lasota, 1973) and it is known that particle creation near black holes
occurs (Hawking, 1975; Wald, 1975).

One is therefore interested in the net current of particles, a quantity we
now denote by dN/dt. With a suitable choice of V in equation (7) one has

27 T
N =—f de f N ®)

ot 0 0

J" is the radial component of the Dirac current. It is a fact that such a quantity
is conserved in the case of the Dirac equation in Kerr metric. A central role
is played to that end by the time independence of the metric coefficients and
by the complete separability of the Dirac equation (Chandrasekhar, 1983).

It is the object of this paper to show that the net current of particles
given in equation (8) is not conserved in the Robertson—Walker or in the
Tolman-Bondi geometry. This seems to be a consequence of the fact that,
in both cases, the Dirac equation is not separable in its » and ¢ dependences.
The result could be of interest in connection with the problem of particle
formation in the early universe of the standard cosmology (Kolb and
Turner, 1990).

2. TOLMAN-BONDI GEOMETRY
The metric of the Tolman—Bondi geometry is given by
ds? = di* — €' dr* — YX(d®? + sin?0 dd?) ()

where I' = I'(r, 1), Y = Y(r, 1) > 0.

For the purposes of the following considerations the explicit expressions
of the functions I', ¥ are not necessary. It is sufficient to consider them as
functions fixed by the underlying cosmological model. For instance, they
could be given by the solution of the Tolman~Bondi model (Tolman, 1934;
Bondi, 1947), an account of which in the Newman—Penrose formalism can
be found in Zecca (1993a). This model consists of a spherically symmetric
space-time filled with dust matter of zero pressure described, in a comoving
coordinate system, by the metric (9).

We assume the null tetrad frame to be given by

= (1,e712,0,0)

sl

L4, —e 0, 0)

n' =

S

2
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mé = L(0, 0,1,icsc0)

J2y
1
N%

In terms of the directional derivatives D = [9;, A = n'd;, 8 = m‘9;, and d*
= m*9; and of the nonzero Ricci rotation coefficients, the Dirac equations
assume the form (Chandrasekhar, 1983)

D +e—p)F, + (3* — 0)F, = ip, G,
A+p-—F,+0@—-F =ipG,
D+e—-p)Gy— B — )G, = ipyFy
A+ p -G — @~ )G, = ipFy (11)

where we set P4 = (Fy, F,), @* = (—G,, G;). The nonzero spin coefficients
corresponding to the tetrad frame (10) have values

m* =

0,0,1, —icsc ) 10)

(¥ + Y'e™)

1

Bo= 715; (Y . Y!e—r/Z)
cot 0
= —q =
b 2./2Y

_724\/5

(The overdot and prime denote here partial derivatives with respect to ¢ and
r.) As usual, owing to the symmetry of the metric, the ¢ dependence can be
chosen to be of the form ™ (m = 0, £1, £2, £3,. . .). With this assumption,
equations (11) become

J2Y(D + € — p)F, + LF, = in, YG, /2
V2YA + p = VF, + L'F; = ipy Y6, /2
V2Y(D + € = p)G, — L'G, = ip, YF, /2
V2YA + p = Y)G, — LG, = ip YF, /2 (13)

il

where

Lizaeimcsce-i-%cote
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and the F’s and G’s are now functions of r, 6, 7. The 8 dependence can be
separated by using the Chandrasekhar—Teukolski method (see, ¢.g., Chandra-
sekhar, 1983). With

Fy =f(n08i0),  F, = f(r, 05:(0)

G, = folr, DS1(9), Gy = fir, DSA(9) (14)
inserted in equation (13), one gets for S, S, the angular equations
L™8, = —\S,, L*S; = A5, (15)

M is a separation constant, By setting
Hl = Yfl’ H2 = Yf.z

after the separation, the functions H,, H, are found to satisfy

DH, + eH, = (ip,* + —}‘~)H2

Y2
AH, + eH, = (m - L)H (16)
2 2 £ Yﬁ 1

A detailed solution of equation (15) can be found in Montaldi and Zecca
(1994). For the present purposes it is sufficient to recall that \ is real and
that if Iml = 1, then A> = (I + 1/2)%, 1 =1, 2,3, ..., with S}, S, being
essentially the Jacobi polynomials, while if m = 0, then N> = (I + 1)%, [ =
0,1,2,3,...,and §, S, are essentially the Tchebychef polynomials of the
second kind.

In general equations (16) cannot be separated in the r and ¢ dependences.
This in particular holds in the Tolman—Bondi model, where the explicit
solution Y itself (see, e.g., Demianski and Lasota, 1973) cannot be written
as a function of r times a function of .

In order to perform the calculation of the expression (8), we have

preliminarily
. e—F/Z 1 0
Taa = T (0 _1> (17
, e (|5 [* = |H|?)
Jr= T(ISII] + |Sz|2)—172———— (18)
Then we obtain
oN
—_—= 2’rr(|H2[2 - !H1[2) 19)

at
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where the S functions have been normalized to one. To see that the term on
the right-hand side of equation (19) is not constant, consider the expressions

A=|H|*~|H|%  B=|H|?+ |H (20)

By making equations (16) explicit with respect to d,, 9,, one gets

o220, = A
= = Y — —\| +ce | — + o Ii2p!
A Y I:H1H2<m* ﬁ) c.c ] ZﬁeA e '“B" (2D

and
A’ = (2 /2¢B + B) (22)

Since the component of the spinor of the Dirac equation (1) satisfies a
Klein—Gordon-like equation, it has a continuous dependence together with
its derivatives on the initial data (Wald, 1984). Suppose now A = A’ = 0;
then from Eq. (22), B comes out to be a function determined by the given
€ structure. But this is impossible as a consequence of equation (21) and the
arbitrariness of the initial data of H,, H, in the Dirac equation.

3. THE ROBERTSON-WALKER GEOMETRY

The metric is given in this case by

dr?

ds? = dt? — Rz(t)[1 5 + ri(d6* + sin®0 dd)z)] (23)
—ar
Also here the function R(f) is understood to be a fixed function given by the
underlying cosmological model, which could be, for instance, the standard
cosmology of the Friedman—Einstein model (see, e.g., Weinberg, 1972).
Here we choose as null tetrad frame

o1 (1 — ar)”?
= — (1, =
< R ,0,0

_ 2172
n o= <1, —%, 0, 0)

2
L
J2

- 0,0,1, icsc )
ﬁrR
I 0,0,1, —icsc ) = m (24)

ﬁrR
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The corresponding nonzero spin coefficients were obtained in Montaldi and
Zecca (1994) to be

’ — 23172
pz_L[l_ew__qQ_]
J2 LR rR

1 |:£ B a- ar2)1/2]

B="5 R R
cot 8
= —Qq =
g 2ﬁrR
€= —y= L (25)

With these values and by mimicking the method of the previous section, we
can separate part of the wave function of the Dirac equation (11) by the
position (14), obtaining in this way exactly the same results (15).

For the r, ¢ dependences we are left with the analog of equation (16):

rRﬁ
AH, + eH, = (iu +——"—>H 26)
2 2 £ rR\/E 1

where now H, = rRf}, H, = rRf,.

By using the explicit expression of € and of the directional derivatives
D=2""[3, + (1 — ar)"?/(rR)3,] and A = 2729, — (1 — ar)*(rR)3,],
it is not difficult to show that the solutions H,, H, of equations (26) cannot
be separated in the r and ¢ dependences.

With the notations of the previous section, we have

. _(Q=ad2{1 0
Tas = IR 0 —1 (27)
, (1 —arh”? |H1}2 - |H2|2
J= e (S S (28)
so that also here we have
N = 27r(|H2|2 - |H1|2) = 2mA(r, 1) 29)

ot
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The equations corresponding to (21), (22) are essentially the same:

22 = (N 1 —ard? |
A= % [HzHl(ﬁ - zp,*rR> + c.c.] - 2./2€A + % B
(30)
, R o g BR
Al = 1 = ar®h? (2\/563 + B) ot ((1 - ar2)”2) G

and the conditions A = A’ = 0 are not possible, by the same argument as
in the previous section. This can be seen here also in an elementary direct
way. Indeed, equation (31) can be separated [in contrast to the case of equation

(22)] by
A=f(NI{®), B=gnsS® (32)

to get the relation
g = K'(1 = ar)"? (33)

k is the separation constant. If now A’ = 0, then by equation (33), B = 0
and hence H; = H, = 0.

ACKNOWLEDGMENTS

The author thanks Prof. S. Bonometto for having called attention to the
interest of the argument. It is also a pleasure to thank Prof. V. Berzi for
stimulating discussions on the subject.

REFERENCES

Birrell, H. D., and Davies, P. C. W. (1982). Quantum Fields in Curved Space, Cambridge
University Press, Cambridge.

Bondi, H. (1947). Proceedings of the National Academy of Sciences of the USA, 20, 169.

Chandrasekhar, S. (1983). The Mathematical Theory of Black Holes, Oxford University
Press, Oxford.

Demianski, H., and Lasota, J. P. (1973). Nature Physical Science, 241, 43.

Hawking, H. S. (1975). Communications in Mathematical Physics, 45, 9.

Kolb, E. W., and Turner, M. S. (1990). The Early Universe, Addison-Wesley, New York.

Montaldi, E., and Zecca, A. (1994). International Journal of Theoretical Physics, 33, 1053.

Newman, E. T., and Penrose, R. (1962). Journal of Mathematical Physics, 3, 566.

Parker, L. (1971). Physical Review D, 3, 346.

Penrose, R., and Rindlez, W. (1986). Spinors and Space-Time, Cambridge University Press,
Cambridge. Vol. 1, 2.



Net Current of Dirac Particles 1091

Schutz, B. E (1990). A First Course in General Relativity, Cambridge University Press,
Cambridge.

Starobinskii, A. A. (1973). Soviet Physics-JEPT, 37, 28.

Teukolski, S. A. (1973). Astrophysical Journal, 185, 635.

Tolman, R. C. (1934). Proceedings of the National Academy of Sciences of the USA, 20, 169.

Unruh, R. M. (1974). Physical Review D, 10, 3194.

Wald, R. M. (1975). Communications in Mathematical Physics, 45, 9.

Wald, R. M. (1976). Physical Review D, 13, 3176,

Wald, R. M. (1984). General Relativity, University of Chicago Press, Chicago.

Weinberg, S. (1972). Gravitation and Cosmology, Wiley, New York.

Zecca, A. (1993a). International Journal of Theoretical Physics, 32, 615.

Zecca, A. (1993b). Nuovo Cimento, 108B, 403.



